Bayesian Inference

Or: How to make sense of
what we see in the wild

Bjorn Larsen - bjorn.larsen@yale.edu
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_ ® Astronomy is like a safari: Look but don’t touch -

o Working with limited observations (d) '
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Bayesian parameter estimation: working with probability

Example: locate the origin of a gravitational wave signal

Observe GWs!
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p(0) p(0]d)

“Prior” (known) “Posterior” (TBD)



Basics with Bayes: Multivariate probabilities

Suppose two variables (x and y) are important

(y) = probability over y independent of x
p(y|x) = probability over y conditioned on x
(,y) = joint probability over x and y
p(z,y) 7 p(z)p(y)

p .’L’, ) p(y ‘ ,f[,') ( ) x and y may be correlated!



Basics with Bayes: Marginalization

p(0) = [ pla,y)ds
/ p(x)dx =1 I
(Discrete version) p(y) _ /p(y|33)p(33)d33

» P(X)=1



Bayes’ theorem

p(z|y)p(z)

p(y|r) = (1)

(Derive in exercise #1 of the notebook
using the joint probability)



Bayes’ theorem enables parameter estimation

Prior
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_ p(d|0)p(0)
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Bayes’ theorem enables parameter estimation

New quantity: Pri
Data likelihood rior
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New quantity: Evidence

Posterior




Bayes’ theorem enables parameter estimation

New quantity: Pri
Data likelihood rior

N Ldeyo)

POld) = =
AN

New quantity: Evidence
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Bayes’ theorem enables parameter estimation

New quantity: Pri
Data likelihood rior

N Ldeyo)

POld) = =
AN

New quantity: Evidence

Posterior

Apply marginalization:

py) = / p(yl2)p(e)da



Bayes’ theorem enables parameter estimation

New quantity: Pri
Data likelihood rior

N\ /
\(0|d) E(d|0)7r(6’)
fﬁ ) (60)do

\

New quantity: Evidence
Apply marginalization: (normalization constant)

p0) = [ plape)ds — 2(@) = [ Ldio)r

Posterior




How to compute the likelihood?

The Likelihood is computed for the different ways the data could be generated

Example:
- Flip aweighted coin 3x > observed=H, H, T
- O is the coin weight (probability to flip heads)

6 L(d|9)
L(dle) — p(H) X p(H) X p(T) 0.25 ~0.05
L£(d]6) = 6*(1 — 0) S




How to compute the likelihood?

The Likelihood is computed for the different ways the data could be generated

Data analysis: Typically model data as a signal with some noise

| d=s+n w © s(6,)




How to compute the likelihood?

Common choice: Noise is a draw from a Gaussian distribution

. Easy distribution

. Often a good match to real data
because of the central limit
theorem




How to compute the likelihood?

Common choice: Noise is a draw from a Gaussian distribution




Computational Bayes: How to compute the posterior

Data likelihood Prior
(we can compute)  (we set this)

\ IOVl
P = =

Posterior

™\

“Evidence”
(still just a normalization
constant)



Computational Bayes: How-te-compute-the posterior

New goal: Draw samples from the posterior probability
distribution, normalize numerically

8ld ~ L£(d|6)7(6)



Markov Chain Monte Carlo in 1 slide:
Sampling from an unknown distribution

1. Suppose I randomly sample a sequence
of parameter values

ei‘/ j9i+1




Markov Chain Monte Carlo in 1 slide:
Sampling from an unknown distribution

d|91Jrl (0i11) 1. Suppose I randomly sample a sequence
of parameter values

9 / 9 2. Choose whether to accept samples
) 1+ with probability
L(d]0;11)m(0i41)
L(d|0;)7(6;)

(d|0 P = min |1,



Markov Chain Monte Carlo in 1 slide:
Sampling from an unknown distribution

d|91Jrl (0i11) 1. Suppose I randomly sample a sequence
of parameter values

9 / 9 2. Choose whether to accept samples
) 1+ with probability
L(d]0;11)m(0i41)
L(d|0;)m(6;)

3. After enough time, my samples will
eventually converge to the posterior

(d|9 P = min |1,

Process goes significantly
faster using
jump proposals

A 4



MCMC in action

https://chi-feng.github.io/mcmc-demo/app.html
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MCMC in action

https://chi-feng.github.io/mcmc-demo/app.html
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step number
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MCMC in action

https://chi-feng.github.io/mcmc-demo/app.html

3 Full distribution
—-==- mean
1o range

800 1000 1200 1400 1600 1800

0 7 T — T - -
step number 71.98 71.99 72.00 72.01 72.02 72.03
Ho
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Bayesian model selection

_ L(d]§, M)m (8] M)

Z(dM)



Why Model Selection is Important

Need to compute P(Plgeon|d)
and compare with P(Butterfly|d)



Bayesian Model Selection: Compare two models head to head

P(M1|d) = Probability of Model 1 given the observations
P(Ms|d) = Probability of Model 2 given the observations

O, = Odds ratio for M; vs My

1 _ P(Mad)
* T P(Mad)

O



Bayesian Model Selection: Compare two models head to head

P(M1|d) = Probability of Model 1 given the observations
P(Ms|d) = Probability of Model 2 given the observations

O, = Odds ratio for M; vs My

L(d|M1)m(M71))
. PWMyld) Z(d)

> P(Mold) T EEMy)r(Ma)

(apply Bayes” theorem)

O




Bayesian Model Selection: Compare two models head to head

P(M1|d) = Probability of Model 1 given the observations
P(Ms|d) = Probability of Model 2 given the observations

O, = Odds ratio for M; vs My

L(d|M1)7(Mi))

or  POMuld) SRR ) p(dmy)
T P(Mold) UMM (M) L(d|Mb)

(apply Bayes” theorem) \P;iforj\ Ba§es ’ 1

B,

odds Factor



Bayes Factor is ratio of model evidences
(which are marginalized likelihoods)

I |

. L(d|Mq)
B,
L(dMy)
P(6ld, M) = “ Hz /(\UZ)L()O M)

Z(dM) = ] £(d|6, M) (6| M)d6




How to compute the evidence?

Z(dIM) = / £(d|8, M)x(6|M)db

= Big multidimensional integral @ & RV» ;(
= Have to recompute likelihood at each point :(
=> Regions of the parameter space matter even where likelihood is small

= Good method to compute is nested sampling



Nested Sampling (overview)

Accumulate evidence

Z(dM) = / £(d|8, M) (0| M)df
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AX = Volume elements
Fig. from Ashton et al. 2022
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Fig. from Lange et al. 2023



BPigeon

Polar Bear will not get us the answer!



ALL MODELS BRE WRONG,
BUT SOME ARE USEFUL
— GEORGE. BOX

dketchplanations




Other topics I didn’t have time to talk about

o Advanced MCMC methods

o Hamiltonian Monte Carlo
o Parallel Tempering
o Transdimensional sampling
e Other Bayes Factor/Odds Ratio computation methods
o Savage-Dickey Density Ratio
o Product-Space Sampling
e Hierarchical Bayesian Modeling

e Probabilistic Programming Libraries



DID THE SUN JUST EXPLODE?

(ITS NGHT, 50 WERE NOT SURE)

LETS TRY.

SN GONE NovA?
)

THIS NEUTRINO DETECTOR MEASURES
WHETHER THE SUN HAS GONE NOVA.

THEN, ITROLLS TWO DICE. IF THEY
BOTH COME UP S, ITUES TO US:
OTHERWISE, ITTELLS THE TRUFI.

LDETECIOR! HAS THE
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Tutorial time!

REQUENTIST STRTISTICIAN: BAYESIAN STATISTIOAN:
THE PROBABILITY OF THIS RESULT
{APPENING BYC"(HNCEIS%G:OM7 BET YOU $50
IT HASNT

SNCE p<0.05, T CONCLUDE
_|HAT1HE SUN HAS EXPLODED.
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P(x)

P(HIX) = P(H) « (1 + PEO) *(P(le)

)

xkcd.com
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STATISTICALLY SPEAKING, IF YOU PICK UP A
SEASHELL AND SOVT7 HOLD IT TOYOUR EAR,
YOU CAN PROBABLY HEAR THE OCEAN.




